
ALLOWANCE FOR THE INERTIA EFFECT IN THE 

PROBLEM OF THE DEFORMATION OF A VISCOELASTIC 

CYLINDER SUBJECTED TO CYCLIC LOADING 

A. E .  S e g a l o v  UDC 532.135:534.1 

The influence of the inert ia effect on heating and creep  accelera t ion in cylical ly loaded 
polymers  is est imated;  it is shown that for polymers  whose compliance increases  sharply 
on a cer ta in  tempera ture  interval the tempera ture  and resonance curves  are  multivalued. 

The high v iscos i ty  and  low thermal  conductivity of rigid polymers  leads to considerable heating when 
vibrational  loads are  applied. This considerably  reduces their  stiffness and facilitates deformation [1,2]. 
Barenblatt  [3] has investigated the effect of small  secondary  vibrational loads on the deformation of a poly- 
me r  subjected to a slowly varying p r imary  load on the frequency range on which the inertia effect may be 
neglected. As will be shown below, taking the inert ia effect into account may lead to qualitatively new re-  
suits.  

On the assumption that the p r im a ry  load is created by a heavy weight and the mass  of the cyl indrical  
polymer  specimen is much less than the mass  of the weight, it is possible to t rea t  the mass les s  cyl inder  
and weight as a sys tem with one degree of freedom [4, 5]. In this case the specimen is replaced by the equiv- 
alent (with respec t  to elast ic and dissipative properties)  spring. 

A s imi la r  model was recent ly  employed in [5], the change in the viscoelast ic  proper t ies  of the polymer  
specimen during deformation being taken into account simply by ar t i f ic ial ly introducing the dependence of 
the modulus of e las t ic i ty  on s t ra in  amplitude. 

Schapery [6] allowed for heating and its effect on the elastic and dissipative propert ies  of the poly- 
me r  in studying the s teady-s ta te  vibrations of a mass les s  slab with an attached concentrated mass .  His 
computer  calculations,  in which he employed a specific form of the functions E'(T) and E"(T), showed that 
the tempera ture  and s t ra in  amplitude may have a multivalued dependence on vibration frequency. Schapery 's  
subsequent exper iments  [7] confirmed this result .  
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Fig. 1. Dynamic modulus 
E '  (dyne/cm 2) and loss mod- 
ulus E" (dyne/cm 2) as func- 
tions of t empera ture  T (~ 

We have now shown with reference to the cyc l icdeformat ion  of a 
polymer  cyl inder  with an attached massive weight that if on a cer tain 
tempera ture  interval  the compliance of the polymer  increases  as a re-  
sult of dissipative heating, the tempera ture  and resonance curves  will be 
multivalued. 

1. A vibrational load cr0Scos ~ t i s  applied to a polymer  cyl inder  with 
an attached massive weight. We consider  the range of frequencies con- 
taining the f i rs t  natural frequency of the we igh t -  cylinder sys tem.  Be-  
cause of the condition M>>p/S these frequencies are  much less than the 
f i rs t  natural frequency of the cylinder; accordingly,  the deformation e 
associa ted  with the vibrational load is constant along the cylinder.  

The vibration equation can be written in the form 

d2e E" de @ 
m - -  -~ . . . .  f '~  = a o cos cot, (1) 

dt ~ o~ dt 
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Heat  r e l ease  f(T,co) and heat  loss B ( T -  To) functions ve r su s  t e m p e r a t u r e  T (~ 

Fig. 3. Resonance curve .  

where  m = IM/S. In Fig. 1 [8] we have plotted the E'{T) and E"{T) dependences for  polys tyrene  (we neglect  
the weak frequency dependence).  This  approximat ion is meaningful only for  t e m p e r a t u r e s  below the glass  
t rans i t ion or  softening points; accordingly,  E ' (T)  >>E"(T). 

Averaging the cyl inder  t e m p e r a t u r e  T over  a t ime in terva l  large as  compared  with the vibrat ion period,  
we obtain the energy  balance equation 

dT o)E"e~ 2o~ 
pc . . . . . . .  (T - -  To). (2) 

dt 2A r 

Let the cha rac t e r i s t i c  t ime  of t e m p e r a t u r e  var ia t ion,  given by Eq. (2), be much g r e a t e r  than the t ime 
required to build up the forced v ibra t ions .  Then for  the s t eady-s t a t e  s t ra in  we obtain 

o 0 cos  (cot - -  6) 
8 = e o (T, ~o) cos (rot - -  6). (3) 

[(E' - -  mt0~) ~ + E"2) 1/2 

Let  the vibrat ion f requency be less  than the initial  natural  f requency of the w e i g h t - c y l i n d e r  sy s t em 
(co2< E'(T0)/m).  As a resu l t  of the gradual  heating of the cyl inder  and its loss of s t i f fness  the natural  f r e -  
quency of the sy s t em  falls .  At the " resonance"  t e m p e r a t u r e  T* (co), at  which E'(T*) =mco z, we get "pa ra -  
m e t r i c "  resonance .  

2. For  de termining  the s t eady-s t a t e  t e m p e r a t u r e  0(w)we have 

n (o - -  To) = I (o, ~) ,  

where the p a r a m e t e r  B = 4 a A / r  c h a r a c t e r i z e s  the heat  t r ans fe r ;  

f ( r ,  co) = oE" (T) ~ c~ 
(E' - -  rno~) ~ + E ~' " 

A typical  plot of the function f for  two frequency values co2 >wl is shown in Fig. 2. At a fixed vibrat ion f r e -  
quency e i ther  one or  th ree  (0 t < 02 < 0~) s teady t h e r m a l  s ta tes  (in the degenera te  case  two) a re  possible .  
The s teady state with t e m p e r a t u r e  02 is unstable,  since in response  to a slight fall in t e m p e r a t u r e  heat  
t r a n s f e r  begins to predominate  leading to cooling of the cyl inder  to the t e m p e r a t u r e  0 t whereas  a r i se  in 
t e m p e r a t u r e  leads to the predominance  of heat r e l ease  and heating to 03. Thus,  t e m p o r a r y  overheat ing 
of the cycl ica l ly  loaded e lement  above the t e m p e r a t u r e  02 leads to a sha rp  r i se  in the s t eady- s t a t e  operat ing 
t e m p e r a t u r e .  

The muRivaluedness  of O(co) leads to mul t ivaluedness  of the resonance curve  Co(co) (Fig. 3), but the 
sect ion cor responding  to the unstable 02 (co) b ranch  of the - t empera tu re  curve  cannot be rea l ized.  As the 
f requency i nc r ea se s ,  the resonance  curve  e ~  (co) is followed, and as  it d e c r e a s e s  the other  resonance curve  
~0 (w). Transi t ion f rom one branch  to the other  may  likewise resu l t  f rom a b r i e f  overheat ing or  cool ingof  
the cyl inder .  

Thus,  in a cyl inder  sub j ec t ed tocyc t i c  loading at  constant  f requency the s teady s tate  depends on the 
initial  t e m p e r a t u r e .  Correspondingly,  e i ther  a g r e a t e r  ~0 (co) or  a l e s s e r  e + (co) s t r a in  ampli tude may  be 
es tabl ished.  If, however,  the p roces s  resu l t s  in the es tab l i shment  of a s t eady-s t a t e  t e m p e r a t u r e  0(co) > T* 
(co), then the m a x i m u m  s t ra in  ampli tude will be reached during heating (at the " resonance"  t e m p e r a t u r e  
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T*(co)), with a subsequent  decline to s0(co). Thus,  in connection with the design of cycl ica l ly  loaded poly- 
m e r i c  par t s  a ce r t a in  in te rmedia te  state,  reached during the t r ans ien t  p rocess ,  may  prove to be more  
dangerous  than the final s ta te  cor responding  to the m a x i m u m  t e m p e r a t u r e .  

3. Le t  us now cons ider  the c reep  of a po lymer  spec imen  subjected to a cons iderable  stat ic  s t r e s s  a0 
and a smal l  secondary  v ibra t ional  load (a0>> a0)- The s t ra in  ra te  [9] 

de~ _F(e0)exp( .  U - - 7 ~ ~  
dt  R T  " (4) 

In this case  the role of the v ibra t ional  load reduces  m e r e l y  to ra i s ing  the t e m p e r a t u r e  of the spec imen  and 
the c r e e p  rate  depends e s sen t i a l ly  on which of the above s t eady - s t a t e  t h e r m a l  r eg imes  - low t e m p e r a t u r e  
of h i g h - t e m p e r a t u r e  - is es tab l i shed .  

In par t i cu la r ,  the intense heat  r e l ea se  and acce le ra t ion  of c r eep  observed  in the la te r  s tages  of the 
v i b r o c r e e p  expe r imen t  desc r ibed  in [9] were  evidently par t ia l ly  caused by the iner t ia  effect .  The original ,  
pure ly  viscous  heating of the po lymer  reduced its modulus of e las t i c i ty  and b r o u g h t t h e  s y s t e m  c lo se r  to 
p a r a m e t r i c  resonance,  which then fu r the r  acce l e r a t ed  the heating. 

Thus,  the iner t ia  ef fec t  in cycl ica l ly  loaded po lymer ic  ma te r i a l s  may lead to an additional inc rease  in 
deformat ion .  
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N O T A T I O N  

is the cyl inder  t e m p e r a t u r e ;  
is the dynamic modulus; 
is the loss modulus;  
a r e  the c r o s s - s e c t i o n a l  a rea ,  length, and radius of the cyl inder;  
a r e  the densi ty  and specif ic  heat; 
is the frequency; 
is the t ime;  
is the m a s s  of the weight; 
a re  the s t r e s s  and s t r a in  ampl i tudes ;  
is the mechanica l  equivalent  of heat;  
a re  the heat  t r a n s f e r  coeff icient  and ambient  t empe ra tu r e ;  
is the heat  t r a n s f e r  p a r a m e t e r ;  
ts the " resonance"  t e m p e r a t u r e ;  
is the s t eady - s t a t e  cy l inder  t e m p e r a t u r e ;  
is the s ta t ic  s t r e s s ;  
is the c reep  s t ra in ;  
is the act ivat ion energy;  
is the un ive r sa l  gas constant;  
is  a m a t e r i a l  constant .  
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